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Abstract. The methods are proposed for evaluation of complex dynamical systems, choice of their optimal operating 
modes, determination of optimal operating system from given class of equivalent systems, system’s timeline behaviour 
analysis on the basis of versatile multicriteria and multilevel analysis of behaviour of system's elements.  
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1. Introduction 
Study of complex dynamical systems of different types 
(technical, biological, social, economical) has been at-
tracting the attention of many researchers for a long time 
already [1-4]. Important direction of such a study is 
development of methods for evaluation of state, opera-
ting quality and interaction between objects of those sys-
tems [5-10]. Among main problems arising in this case 
local and global evaluation of quality of complex 
dynamical systems [10, 11] may be pointed out, as well 
as determination of their optimal operating modes [12], 
analysis of system behaviour during certain period of 
time, the choice of optimal operating system from cer-
tain class of equivalent systems. We propose a unified 
approach to solving - problems listed above. It is based 
on their comprehensive (which presupposes considera-
tion of as many characteristics of system’s elements as 
possible), multicriteria and multiparameter analysis. In 
order to provide operative processing of results the de-
veloped evaluation is multilevel, which means formula-
tion of conclusions of different generalization degree: 
from local ones that determine the behaviour of particu-
lar characteristics of system’s elements to final ones that 
determine the quality of system’s operation in general. 
Problems considered in this article and methods 
for their solution are illustrated with example of 
analysis of motion of  man’s musculoskeletal 
system (MMSS) with prosthetic lower limb [14-
16]. 
2. Formulation of Problems 
Let us consider dynamical system that consists of N ele-
ments and is able to operate under L modes. In order to 
simplify the explanation, let us assume that behaviour of 
every element of system under l-th mode is described by 
set of characteristics , )(,, tA mln
 1
Mm ,1= , L,1=l , whe-
re n is the number of element , Nn ,1= ],0[ Tt∈
)(,, tA mln
m
lK m
lkmln ,,,
Ω
m
lkmln ,,,
, , whe-
re T is the duration of test research. Each of these charac-
teristics is the result of experimental research or mathe-
matical   modelling  of  processes   taking  place  in  the  
 
system. To analyse the behaviour , let us use 
 criteria. Let us denote with  and 
~Ω
)(,, tA mln
m
lk
⊂
 the domains of reference and permissible 
values for  characteristic with regard to  
criterion, Ω m
lkmln ,,,
m
lkmln ,,,
 ~Ω , mlml Kk ,1=
)(,, tA mln
. The term 
“equivalent” implies systems with same content, type and 
destination, the law of motion for which on the sequence 
of operating modes is described by set of characteristics 
, Mm ,1= Ll ,1=, , Nn ,1= ],0[ Tt∈
QG
, , that 
are to satisfy defined set of criteria. Let us denote with 
 class of equivalent dynamical systems which consists 
of Q elements.  
While modelling MMSS with prosthetic lower limb as 
the multilink system of solid bodies, its motion may be 
described through rhythmical, kinematical, dynamical, 
and energy characteristics etc [14-16]. Each of these 
characteristics is n-dimensional vector-function, com-
ponents of which describe peculiarities of system’s 
elements behaviour (separate joints of human body and 
prosthesis applied) in the course of motion. Among the 
evaluation criteria there may be pointed out the deviation 
from known average norm, walking asymmetry level, 
deviation from best current rehabilitation result etc. The 
domains of reference values for components of cha-
racteristics are represented by domains of their change in 
course of normal walking, 3% level of walking 
asymmetry, known data on best prosthesis results etc. 
Disabled persons of the same sex, age group and health 
condition with same level of lower limb amputation and 
same or different types of prostheses applied make up the 
class of equivalent systems. 
In this work we shall consider following problems for 
complex systems evaluation. 
1. Evaluation of system’s element operation quality. So-
lution  for  this  problem   allows  to  determine  elements 
 
representing potential threat of general system opera-
tion failures and to analyse their impact on surrounding 
elements. For systems composed of elements of the sa-
me type, solution of this problem allows to determine 
elements operating in the best way, i.e. reference ele-
ments. Finally, development of generalized conclusions 
regarding general system operation quality is based on 
results of system’s elements evaluation. 
 
)(,, tA mln
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2. Choice of optimal mode for system operation. Solu-
tion of this problem allows determining both most 
“comfortable” and extreme system operating modes, as 
well as modes of potential failure. 
3. Evaluation of system operation quality. Solution of 
this problem allows determining the general quality of 
system operation according to defined set of parame-
ters, criteria and operating modes. 
4. Choice of optimally operating system from given 
class of equivalent systems. Solution of this problem 
allows to determine the best (referential) or the worst 
systems of the class. Optimally operating elements, 
modes and systems determined in the evaluation pro-
cess may be used along as practically reachable quality 
references. 
5. Analysis of system operation history. Solution of this 
problem allows to track and forecast the quality of sys-
tem operation, determine trends of its development in 
the context of improvement or deterioration and to 
prevent possible failures in advance. 
Returning to the issue of human prosthesis analysis, 
results of elements operation quality evaluation allow 
defining MMSS joints that are exposed to overload in 
the course of motion and distort its kinematics. Choice 
of optimal mode allows determining most sparing pace 
of motion for disabled person. Evaluation of system 
operation quality may therefore be interpreted as the 
quality of prosthesis for specific invalid. Choice of op-
timal system from the class defines the best current 
prosthetic result which may be used as evaluation crite-
rion. If the class is represented by the set “disabled per-
son – set of prostheses of different constructions”, the 
choice of optimal system means determination of most 
favourable prosthesis construction for specific patient. 
Analysis of system behaviour during certain period of 
time allows to evaluate the process of invalid adapta-
tion to applied prosthesis etc. Study of evaluation re-
sults with the presence of negative or close to negative 
conclusions provides strong reasons for improvement 
or change in rehabilitation methods applied. 
3. Parameters and Scales of Evaluation 
We will evaluate behaviour of the characteristic 
 under -th criterion by means of parame-
ters =
m
lk
pkm
lnh
,,
, ],0[
,
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km
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p
α )(,, tkmlnα
)(( ,, tA mln
, where = 
= ρ , ),,, mlkmlnΩ  is a distance between 
 and domain of reference values for n-th com-
ponent of this characteristic under criterion k . 
 is a line of functional spaces, e.g. 
, W , 
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nation, ml
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, 
∈ . Parameter values in uniform metric allow to 
track separate peaks or disturbance in behaviour of pro-
vided characteristic and its derivatives, those ones in 
mean-squared metric allow to define average value of 
their falling beyond domains of reference or permissib-
le values. 
Local evaluation under the  parameter is per-
formed as follows. Let us denote with and 
 its minimum and maximum permissible va-
lues of parameter accordingly. As usual, the value 
= 0 corresponds to characteristic 
pkm
lnh
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Ω∈ and the value = 
= . If continuous evaluation scale 
is accepted, value of local evaluation of behaviour for 
characteristic  under k-th criterion and p-th 
parameter is defined by means of formula  
pkm
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where υ  is the normalizing coefficient, e.g. 10. Then 
the highest positive evaluation will correspond to cha-
racteristic with values not falling beyond domain of re-
ference values, zero evaluation corresponds to charac-
teristic with values reaching the limits of domain of 
permissible values, and negative evaluation corres-
ponds to characteristic with values falling beyond do-
main of permissible values. Extent of this falling be-
yond limits is determined by absolute value of e . pkm lnC
,,
,,
pkm
lnh
,,
,
pkm
lnh
,,
min,,
pkm
lnh
,,
max,,
If discrete evaluation scale is accepted, every real va-
lue of functional within the limits of interval 
[ , ] corresponds to integer number. Let 
us suppose that I is the number of grades of integer 
scale, e.g. 10 and i )1(0= I 0, , , = 0, ]1,0[∈iδ 1+i<i δδ δ
1+Iδ = 1. Then integer rating evaluation for charac-
teristic is defined by coefficient  
if ,
)(,, tA mln
,[/ ∈ ip δυ
ie pkm lnD =,, ,,
[1
,,
,, +i
km
lnCe δ Ii )1(0= . 
If the number of grades of integer scale is not great 
(2–5), its values correspond to those ones of conceptual 
evaluation scale, where each grade of discrete scale 
corresponds to value “unsatisfactory”, “satisfactory”, 
“good", “excellent” in ascending order. It is obvious 
that under consecutive transition from continuous to 
conceptual scale, the values of evaluations become less 
distinctive. The latter one, as well as the discrete scale 
with low number of grades is practically unacceptable 
to trace insignificant changes in system’s elements be-
haviour or forecasting of their behaviour. One more 
drawback of conceptual scale is the fact that grade “sa-
tisfactory” may denote any possible value from “almost 
good” to “slightly better than unsatisfactory”. Howe-
ver, it is convenient and comprehensible in cases of 
single or rare routine system evaluations. 
The hybrid scale seems to be most convenient for 
practical use. Hybrid scale is precise rating scale com-
bining the benefits of continuous and conceptual sca-
les. Let us develop it as follows. To evaluate characte-
ristic  according to criterion by n-th com-
ponent we will use the pair of parameters = 
=
)(,, tmlnA
m
lk
Ckm
lnh
,,
,
],0[
,
,
0 TC
km
lnα  and =Lkmlnh ,,, ],0[
,
,
2 TL
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lnα  that denote 
characteristic’s deviation from domain of reference va-
lues in uniform and mean-squared metrics. Let’s consi-
der the characteristic evaluation  “excellent” or 
equivalent to 5 if = 0, and “unsatisfactory” if 
> > . Let us introduce such parameter 
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δ  that integer rating evaluation  under 
parameter  is “satisfactory” or equivalent to 3 if 
continuous evaluation , and “good” 
or equivalent to 4 if  . Development of 
precise rating evaluations is illustrated by simple exam-
ple. Let us consider that =  = const , 
, 
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= ,  (Fig. 1). Then we shall consider 
precise rating evaluations  according to parame-
ter  that define presence and magnitude of dis-
turbances in behaviour of characteristic  equi-
valent to  
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Then we shall consider precise rating evaluations 
 according to parameter  that define 
mass character of disturbances in behaviour of charac-
teristic  equivalent to  
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Fig.1 
 
Then the pair of evaluations =3.05, = 
=3.98 means the presence of low-number disturbances 
in behaviour of characteristic  (Fig.1, line 1). 
At the same time, the pair of evaluations  e = 
=3.01, = 3.02 shows that quality of element 
operation with regard to characteristic studied and eva-
luation criterion is close to critical (Fig.1, line 2). Pair 
of evaluations = 3.95, e =3.91 shows that 
quality of element operation with regard to characteris-
tic studied and evaluation criterion is close to “good” 
(Fig.1, line 3). I. e. developed precise rating evaluati-
refa
a(t) 
maxa  
γ
t1
3 2 
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ons provide quite specific, reasoned and understandab-
le to average user information about the behaviour of 
evaluated characteristic of system element. Evaluations 
and  hereinafter are referred to as “lo-
cal”. In the same way they may be developed for the 
whole range of functional spaces , 
Ckm
lnSe
,,
,,
Lkm
lnSe
,,
,,
],0[ TH p
km
lnPp ,1=
kmln ,,,
,
, , for arbitrary domains  and mlkml ,,n,Ω
m
l
~Ω .  
In general, the number of numerical values of para-
meters of local evaluations of element is evaluated with 
the number , ∑∑∑ === mlKkMmLl 111=nS kmlnP ,, Nn ,1= , 
and system elements selected for monitoring with the 
number . Let us take as an example moti-
on of MMSS during walking [16]. The monitoring of 
behaviour of three pairs of MMSS joints (hip, knee, 
and ankle joints) is performed while they are imple-
menting 18 functions (walking in slow, normal, and 
fast speed along horizontal or inclined surfaces (up and 
down) with and without load), each of which is descri-
bed by three characteristics (kinematical, dynamical, 
and energy). When evaluating according to 4 criteria 
(deviation from known normal areas of human walking 
[16], level of motion asymmetry, deviation from best 
result reached, level of motion stability [15]) and 2 pa-
rameters (in uniform and mean-squared metrics), num-
ber of system elements evaluations , 
∑ == Nn S1 n
nS
S
432= 6,1=n , 
general number of local evaluations S=2592.  
 
4. Evaluation of system’s element operation 
quality 
It is obvious that direct analysis of totality of all nume-
rical parameters of local evaluation is complex prob-
lem. For its solution, the sequence of weighted avera-
ged evaluations of different generalization level is de-
veloped on the basis of local evaluations set until the 
final conclusion regarding the operation quality of con-
sidered system’s element is reached. 
Such development is performed for every element 
according to the whole set of parameters, criteria, cha-
racteristics and operating modes and presumes follo-
wing levels of generalizations. 
1) According to the set of parameters, for fixed crite-
rion for evaluation of element's characteristic in opera-
ting mode specified: 
km
l
,
,nH = ( Cρ Ckm ,, ln,, LSe + ρ Lkm ,, lnSe ,, )/( Cρ + Lρ ), 
m
lnK ,,
m
lnkk ,= 1= , lnln Mm ,, ,1==m , Ll ,,1= Nn ,1=
C
, 
ρ , where Lρ  are weight coefficients defining evalu-
ation parameters priority. Obtained value allows deter-
mining criteria under which evaluated element’s cha-
racteristic in operating mode specified are unsatisfacto-
ry; 
2) according to the set of evaluation criteria, for fixed 
element's characteristic in operating mode specified: 
m
lnH ,
Crρ< mln,~H m
lnKR ,
> 1ρ ,Cr< m
lnKR ,
>/ , = , 
lnln Mmm ,, ,1== Ll ,1=, , Nn ,1=
KR>< .,.
KR Kk 1}1{ == mln,
, 
where  is a scalar product in Euclidean space 
, 1 , ~H
m
lnK
k
km
lnH
,
1
,
, }{ =
Cr mlnK
k
Cr
k
,
1} =ρ
lnH ,
Chρ< ln,
= , ρ ={  is 
vector of weight coefficients defining evaluation crite-
ria priority. Obtained value allows determining charac-
teristics under which operation of evaluated element in 
operating mode specified is unsatisfactory; 
3) according to the set of element’s characteristics in 
operating mode specified: 
~H
lnMR ,
> 1ρ ,Ch<
lnMR ,
>/ , = , 
Ll ,1= , Nn ,1=
m
nH
, 
where ~ ={ , ={  is vector of 
weight coefficients defining elements’ characteristics 
priority. Obtained value allows determining operating 
modes in which operation of evaluated element is unsa-
tisfactory; 
lnM
m
m
lnH ,1, } = Chρ ln
M
m
Ch
m
,
1} =ρ
nH
Moρ nH
4) for element specified according to set of operating 
modes: 
~
LR> 1ρ ,Mo< LR>/ , = < , Nn ,1=
nH
, 
where ~ ={ , ={  is vector of 
weight coefficients defining operating modes priority. 
Obtained value allows determining system elements, 
operation of which is unsatisfactory. Improvement and 
modification of those elements allows increasing gene-
ral system operating quality. As for the problem of re-
habilitation of disabled persons, unsatisfactory or close 
to unsatisfactory outcome of element evaluation means 
that selection of different prosthesis design parameters 
the  is required. Those parameters should help to dec-
rease load over retained joints of lower limbs and im-
prove the kinematics of that person’s motion. 
L
llnH 1, } = Moρ LlMol 1} =ρ
5. Choice of optimal mode for system 
operation 
If elements selected for monitoring possess have simi-
lar sets of evaluation parameters and criteria, as well as 
characteristics and operating modes, we are able to 
form generalized conclusions as to system's operation 
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according to corresponding parameters, criteria, cha-
racteristics and operating modes. Let us develop the 
sequence of weighted average evaluations of different 
generalization degree on the basis of local evaluation 
set. This will allow analysing system’s behaviour ac-
cording to corresponding parameter, criterion or cha-
racteristic while operating in specified mode: 
1) for separate evaluation parameter according to set of 
each characteristic’s components for each evaluation 
criterion: 
km
ClV
,
, = , / , 
Elρ< Ckm lnSe ,, ,, NR> 1ρ ,El< NR>
km
LlV
,
, = , / , 
Elρ< Lkm lnSe ,, ,, NR> 1ρ ,El< NR>
m
ln
m
ln Kkk ,, ,1== , lnln Mmm ,, ,1== , Ll ,1= , 
where =  is vector of weight coefficient 
defining system’s  characteristics (elements) compo-
nents priority;   
Elρ Nn
El
n 1}{ =ρ
2) for separate criterion according to set of evaluation 
parameters: 
kmV ,l C=( ρ kmV ,Cl, + Lρ kmV ,Ll, C)/( ρ + Lρ ), 
mm Kkk ,1== lnln ,, , lnln ,, Mmm ,1== , Ll ,1= ; 
3) for separate characteristics according to set of eva-
luation criteria:  
m
lV = , V
Crρ< ml~ m
lnKR ,
> 1ρ , >/ < , Cr m
lnKR ,
m
lV
~
={ , 
mK ln
k
km
lV
,
1
, } = lnln Mmm ,, ,1== , Ll ,1=
lV <
; 
4) for mode specified according to set of system ele-
ments characteristics: 
= , Chρ lV
~
lnMR ,
> / , 1ρ ,Ch<
lnMR ,
>
lnM
m
m
lV ,1} =lV
~ = { , Ll ,1=
lK ≤≤1
. 
Evaluations  allow determining operating modes 
in which system’s operation is the worst. On the other 
hand, let us suppose that for system studied К set of 
modes, , with the highest quality evaluation 
was received. Let us consider the procedure of optimal 
operating mode choice in case K > 1. 
lV
Choice of optimal system operating mode is made 
with consideration of following [17]. Let us presume 
that  is optional set of real numbers under 
which∑ . Among all numbers of this kind, value 
 reaches it’s maximal point when
L
lla 1}{ =
=
L
l a1
= la1
l
∏Ll LAal /= , 
Ll ,1= Llla 1} =
∏ = lnMm mlV,1
. If {  is the set of evaluations, it means 
that deviation of their values from simple average is 
minimal. 
Let us suppose that we have a few modes with hig-
hest evaluations. We shall consider mode (modes), for 
which maximum value of is obtained, opti-
mal operating modes for dynamical system studied. In 
the context of problem of rehabilitation of disabled per-
sons, it means that efforts between the joints are distri-
buted more evenly in a given mode of motion or kine-
matics of motion similar to the motion of the normal 
person. 
6. Evaluation of system operation quality 
Using previous outcomes, evaluation of system opera-
ting quality may be received in two ways. Thus, the va-
lue  
H = ,Elρ< H~ NR> 1ρ ,El< NR>
H
/  
where ~ ={  provides global system evaluation, 
i. e. final conclusion regarding its operational quality. 
N
nnH 1} =
V Moρ< V
The same evaluation will be received if the outcomes 
of system evaluation are generalized according to set of 
operating modes  
~= , LR> 1ρ ,Mo< LR>
V
/  
~ ={ . It is obvious that . LllV 1} = VH ≡
Q~ QQ ≤≤
where 
 
7. Choice of system with optimal operation  
~Let us suppose that subclass G , 1
QG
Q
, of sys-
tems with highest evaluations of operating quality was 
obtained from  class. Let us consider the procedure 
of optimal system choice in case ~1 , using algo-
rithm applied for choice of optimal system operating 
mode. I. e., we will consider the system (systems) of 
set , for which maximum value of ∏  is ob-
tained, the optimal operating dynamical system of 
class. In context of problem of rehabilitation of 
disabled persons, this means that transition from 
one mode of motion to another causes the minimal 
inconvenience for invalid.  
<
QG~ =
L
l lV1
8. Analysis of change in system operation 
quality 
Problem of analysis of change in systems operation 
quality in the timeline is similar to that one being con-
sidered in previous clause, the only difference being 
that class of equivalent systems is comprised by the sa-
me system but at different periods of time. Analysis for 
the best or the worst evaluation results will allow deter-
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mining most or least favourable conditions for its ope-
ration. If the sequence (prehistory) of system evaluati-
ons , , received at points of time , JjjTV 1)}({ = 2≥J jT
Jj ,1=
VJj (1∑ =
)(tΦ {=
, increases monotonically, the quality of system 
operation increases, if it decreases monotonically, the 
quality decreases, and if it is close to constant value 
, the quality is stable. Evaluations histo-
ry allows performing at least short-term forecasting of 
system operation quality. Indeed, let us suppose that 
 is the system of linearly indepen-
dent functions, defined at the interval . Let us 
develop function  =  where 
JT j /)
j t)}(ϕ Jj 1=
(tV
],[ 1 JTT
JR) t >< )(,ΦA =A
>+1
)1
 
 is the vector of unknown coefficients. Then, 
forecasted value of system evaluation  at   
 point of time is obtained from ratio  = 
= , where vector  is determined 
from condition = ,
J
jja }{ ==
JT>
< ,ΦA
1
JT + )( 1
)(tV
(TV
A
)
J
+
T
J
JR>
< ,ΦA JR> ( kTVk )T( Jk ,1= .  
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Prognostic analysis of precise evaluations allows de-
termining point of time when conceptual evaluation 
will be reduced by one unit. In particular, when the se-
quence  is monotonically decreasing, the 
time for next system study may be defined from condi-
tion , where  is the value corresponding 
to conceptual evaluation decreased by one unit compa-
ring to that one determined at the moment of last exa-
mination. 
J
jjTV 1)}({ =
*) Vt ≥(V *V
9. Conclusions 
In this work unified approach is proposed for evalua-
tion of complex systems operations on all levels of 
their structuring. It is obvious, that substantiation of 
evaluation depends to the great extend, on integrity and 
completeness of both corresponding modes set as well 
as system elements characteristics, and set of evalua-
tion criteria and parameters, as well as adequacy of 
weighted coefficients defining their priority. The great 
number of local and generalized evaluations requires 
development of convenient ways for evaluation outco-
mes visualization and disaggregation of global conclu-
sions of different levels for localisation of reasons for 
drawbacks discovered [9, 14, 15].  
Regarding the problems of disabled persons rehabili-
tation practices, methodology proposed allows, beside 
above described, to solve the problems of comparative 
analysis for age, sex and other peculiarities of human 
walking both in normal condition and with prosthetic 
lower limb, to study the impact of MMSS pathologies 
of different types on restriction of MMSS functional 
capabilities and impact of rehabilitation tools applied 
on reestablishment of such capabilities both in specific 
and in general cases, to perform comparative analysis 
of different rehabilitation methods etc.  
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